Cointegration approach to the passive portfolio management enables to replicate the selected stock index and to construct a portfolio with profitability and risk similar to market. This paper analyzes several options for improving this method. It focuses on one of the key tasks, which is an estimate of long-run equilibrium relationship. Five different methods were proposed and compared. The results confirmed the relevance of using the Engle-Granger methodology in all previous surveys, but it also suggested some interesting properties related to the estimate of regression coefficients based on different variants of the Minkowski metric or to estimate regression equation without intercept.
Introduction
The traditional construction of a financial portfolio is based on an analysis of the correlation structure among the particular financial assets involved in the portfolio. It was Harry Max Markowitz (1952) in early 1950's who published a revolutionary paper on how does one select an efficient set of risky investment or so called efficient frontier. This theory provides the first quantitative view of portfolios variance, where co-movements in securities returns are considered. So, the variance of portfolios is not a simple product of the particular investment proportion and their variances. Instead of it one has to consider covariance structure implicitly involved in multi-variate distribution of securities returns. Almost three decades ago the general approach RiskMetrics was developed by J. P. Morgan during the late 1980's and has been commonly applied by financial market participants for more than two decades (Holton 2003) . Unfortunately the concept lacks of accuracy if the correlation structure varying in time. From this perspective the traditional portfolio needs rebalance repeatedly, what could increase the cost structure of the portfolio dramatically. In general the use of the traditional concept is delimited and depends on the level of change within the portfolio volatility.
While the traditional approach considers historical time series returns of the selected set of financial assets and their replication against the return of a particular index the cointegration analysis uses assets' time series appearing and behaving as random processes or processes of the so-called random walk.
The concept of cointegration was first introduced by Granger (1981) in the article "Some Properties of Time Series Data and Their Use in Econometric Model Specification". Elaboration of cointegration was published in 1987 in the paper written by Engle and Granger (1987) . As reported by these authors, there are time series with values that are very likely not far apart at any point in time. Economic theory generally assumes forces that keep these time series together. Typical examples are time series of short-term and long-term interest rates. Alexander (2008) provided an overview of the use of cointegration for other time series such as spot and futures prices, stock indices, and exchange rates. Alexander also proposed the use of cointegration for index tracking and hedging (Alexander 1999) , and long-short investment strategies .
Relevance of using cointegration in portfolio management was supported also by Thomaidis (2013) , and Lam, Jamaan (2013) , and their part in the personnel managemenet were mentioned by Merkevičius et al. (2015) . Thomaidis (2013) extended long-short strategy based on conintegration and his portfolios outperformed benchmarks. Lam, Jamaan (2013) compared goal programming and cointegration approaches and concluded that latter is more appropriate for investors in Malaysia.
The focus of this paper is on cointegration approach to index tracking. Index tracking belongs to the passive portfolio management strategies. Its main aim is to construct a portfolio that will replicate a reference index. In the case of index tracking based on cointegration, the constructed portfolio is cointegrated with tracked index. Values of such portfolio and reference index are tied together and are rarely apart. Extensive research in this field was published by Alexander, Dimitriu (2002) . They applied cointegration approach to index tracking on Dow Jones Industrial Average (DJIA) historical prices and reported some positive results. Created portfolio had a similar profitability and volatility as the reference index, returns of the created portfolio and the tracked index were highly positively correlated. Similar results were presented by Dunis, Ho (2005) . They have used the same methodology for tracking the Dow Jones EuroStoxx50. Cointegration approach is considered to be appropriate for tracking stock indices also by Maurer (2008) , who applied this method for tracking the DJIA, and parts of the Dow Jones Composite Average and FTSE 100. Acosta-González et al. (2015) proposed a new stock selection procedure based on optimizing the cointegration level of the tracking portfolio and benchmark. They proved that this strategy is able to decrease the number of stocks required to track a stock index successfully. Alexander, Dimitriu (2005) compared the cointegration and traditional approach to index tracking and concluded that the out-of-sample performance of cointegration-based strategies is similar to that of the traditional tracking error variance-minimizing model. Grobys (2010) made the same comparison using data from Swedish stock market with conclusion that cointegration based models dominate.
Authors of this paper consider as a weakness of the prior research in this area that in all published papers only one method of estimating the cointegration vector -the OLS has appeared. Gonzalo (1994) in his paper compares five methods of estimating the cointegration vector, i.e. estimating the long-run equilibrium relationship, and mentions other four methods. He further stated that even though these methods are superconsistent, estimates made by different methods may vary significantly. Different estimates of cointegration vector could significantly affect the results of index tracking.
In this paper we will discuss several ways how to improve an estimate of long-run equilibrium relationship (cointegrating vector) that is related to stock weights in a portfolio and could lead to an improvement of the index tracking based on cointegration.
In the first section of this paper we define cointegration and cointegrating vector. The second section is devoted to the estimation of the long-run equilibrium relationship. We introduce five different methods that are later used for the estimation of cointegrating vector and compared. Then we will briefly describe the cointegration approach to index tracking and method of portfolio creation. In the fourth section we list the results. where z t ~ I(d -b), b > 0, then the time series x t and y t are cointegrated. Vector (1, -a) is called a cointegrating vector. Time series z t is a deviation from the long-run equilibrium. Therefore, if z t = 0, then we say that the system is in the long-run equilibrium. (Engle and Granger 1987; Alexander 2008) Cointegration in finance is usually connected with time series that are integrated processes of the first order. The condition of cointegration between two I(1) time series is that their linear combination is stationary (I(0)).
Cointegration
Vector a expresses the long-run equilibrium relationship between cointegrated time series. Assume that the mean of z t is equal to 0. Then, if a = 1, the difference between x t and y t will be usually approximately equal to 0. These time series will move apart rarely, on the contrary, their difference will tend to constantly converge to 0 (mean reverting process). If a has value other than 1, then the time series will diverge. We know that a time series x t will have the values about ay t , and again, the system will tend to return to the state of the long-run equilibrium. In the case of cointegration we are not able to estimate the specific values of cointegrated time series in the future, but we can define their long-run equilibrium relationship (x t = ay t ). They will move toward this relationship and the large deviation from this equilibrium is exceptional. (Engle and Granger 1987) .
Estimates of long-run equilibrium relationship
The easiest way to estimate the long-run equilibrium relationship (cointegrating vector), as suggested by Engle and Granger (1987) , is to use the Ordinary least squares (OLS). Other possible methods mentioned by Gonzalo (1994) are nonlinear least squares, principal components, canonical correlations, instrumental variables, spectral regression, and maximum likelihood in a fully specified error correction model (also called Johansen's method). Engle-Granger methodology and Johansen's cointegration method are the most used methods for estimation of cointegrating vector.
Engle-Granger methodology
Engle-Granger methodology begins by testing the order of integration. All the variables should be integrated of the same order. One of the tests of stationarity can be used, for example ADF test. The null hypothesis of ADF test is the presence of unit root in time series, which means that the time series is non-stationary. If all variables are integrated of the same order, then we choose the explained variable, establish regression equation, and estimate the long-run equilibrium relationship by OLS. The regression equation in the case of index tracking has the following form: Engle and Granger (1987) estimate cointegrating vector by OLS. OLS is the most widely used method for estimating the parameters in a linear regression equation. Hatrák (2007) mentions another possible method -the method of minimizing the absolute values of the deviations. However, this method is computationally demanding and the large errors have the same weights as the small ones. OLS can be computed analytically, large deviations are given higher weights (due to the squaring) and estimate has good statistical properties.
Engle-Granger methodology with Minkowski metric
If the minimizing the absolute values of deviations and the squares of deviations can be used for estimating the regression coefficients, it is theoretically possible to use also higher powers and minimize the sum of absolute values of deviations to the third or fourth power. If we neglect the computational demands (we have to use the numerical methods) the use of higher powers gives greater weights to larger deviations, what in many cases may not have a negative impact, but on the contrary, it can be a desired feature of the estimation. Statistical properties mentioned by Hatrák (2007) are not as good as in estimate by OLS, but if the result would be improved quality of index tracking, that is the creation of the portfolio more similar to the reference index, then the replacement of OLS is worth it. Attempt to use method of estimating the regression coefficients other than OLS can be found in the paper by Petras and Podlubny (2007) who criticize this method and propose the method of least circles.
In this article we are going to minimize not only the sum of squared errors (OLS), but also sum of absolute values of errors raised to the other powers. Differences raised to the various powers are commonly used in calculation of distance between objects. Similarly, the most used is Euclidean metric based on squared differences:
where: I t is the price of stock index in time t, α is the intercept, β k is the regression coefficient of stock k, P kt is the price of stock k in time t, ε t is the error term. After estimating the long-run equilibrium relationship, it is necessary to test whether the variables are cointegrated or not. Engle and Granger (1987) proposed to test the stationarity of the residuals and suggest the ADF test. If the error term is stationary, then the variables are cointegrated.
Engle-Granger methodology without intercept in the regression equation
The methodology is almost the same as described above, except that the regression equation is without intercept so it looks as follows:
The aforementioned sum of the absolute values of deviations is linked to another metric known as the Cityblock metric. The super-metric that includes both of these metrics is the Minkowski metric. According to Polovina and Hill (2007) it is calculated as follows:
In our work we consider the different values of k (see Eq. (5)) and we are going to find the values of regression coefficients that minimize the sum of the absolute values of the deviations raised to the power of k.
Johansen's cointegration method
Based on the articles by Asteriou, Hall (2011) and Chocholatá (2009) we briefly present the steps of Johansen's approach. The first step is the same as in Engle-Granger
.
methodology -testing the order of integration of time series. Again, all time series should be integrated of the same order. The second step is to select an appropriate lag length for VAR model. The information criterion (AIC, SBC, or other) are used. The selected model should pass the diagnostic tests, i.e. the tests for the presence of autocorrelation, heteroskedasticity, ARCH effect and normality tests. The third part of the procedure is to create a VECM model, consisting of a long-run model (cointegrating equation) and the short-run model (VAR model). VECM model can be written as follows:
Using Engle-Granger methodology and Johansen's cointegration method for index tracking
In terms of the index tracking there are some differences between these two methods. As noted by Alexander (2008) , Johansen's cointegration method tries to find the linear combination that is the most stationary. Engle-Granger methodology is looking for a stationary linear combination with minimum variance. While Johansen's method maximizes the stationarity of tracking error, Engle-Granger methodology minimizes its variance. If we measure the risk of the index tracking by variance of tracking error, then Engle-Granger methodology seems to be better.
The second difference is in the choice of explained variable. Returning to equation (1), where z t = x t -ay t . Then x t = ay t + z t . If Johansen's cointegration method is applied, then we can replace explained variable and explanatory variable and we get y t = 1/a x t + z t . For Engle-Granger methodology this is not true and the value of a is not the same in both equations. As Asteriou, Hall (2011) noted, in case of Engle-Granger methodology the change of explained variable may also cause a different results when testing for cointegration, because the time series z t has changed. Although it can be demonstrated that if the samples run to infinity, the results of testing for cointegration are same in both cases, in practice if y t is cointegrated with x t , then x t could be not cointegrated with y t . This feature is the great disadvantage of Engle-Granger methodology. If we talk about index tracking the choice of explained variable is clear -it is the price of the followed stock index. Therefore, this disadvantage is irrelevant.
A possible problem for index tracking is existence of more than one cointegrating vector when using the Johansen's approach. Engle-Granger methodology always provides only one cointegrating vector that minimizes the variance of the error term of regression model. But how to choose between several cointegrating vectors? While finding more cointegrating relationships is usually presented as an advantage, for index tracking it is a significant problem.
If we take aforementioned properties into account, Engle-Granger approach seems to be the better choice for index tracking. Nevertheless, we were also interested in the results obtained by Johansen's cointegration method, because we have not heard about its application in this context yet.
Index tracking
The aim of index tracking is to construct a portfolio that will be as similar in terms of risk and profitability as possible to the followed stock index. Such a portfolio should have approximately the same performance and volatility as the reference index, and minimum tracking error volatility. The Pearson's correlation coefficient between where:
The content of the matrix Π is an information about long-run relationships and its rank r indicates the number of cointegrating vectors. After we create a VECM, we test whether an intercept or/and a trend enter the short-run or the long-run model. There are 5 possible alternatives, in practice we meet with the following three: a) Intercept (no trend) in the long-run model, no intercept and no trend in VAR model, b) Intercept (no trend) in both models, c) Intercept and trend in the long-run model, intercept and no trend in VAR model.
The fourth step is to determine the number of cointegrating vectors. Two methods are used: trace statistics and maximum eigenvalue statistics. For the trace statistics the null hypothesis H 0 is: the number of cointegrating vectors is less than or equal to r; alternative hypothesis H 1 is: the number of cointegrating vectors is N, where N is the number of endogenous variables for r = 0, 1, ..., N -1. The maximum eigenvalue statistics has the null hypothesis H 0 : the number of cointegrating vectors is equal to r; and H 1 : the number of cointegrating vectors is equal to (r + 1).
If we know the number of cointegrating vectors, we can estimate these vectors by maximum likelihood method. Asteriou, Hall (2011) mention two more steps of Johansen's approach: testing for weak exogeneity and testing for linear restrictions. ... ,
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the returns of the tracking portfolio and the returns of the tracked index should be close to the value of 1.
For index tracking the estimate of the long-run equilibrium relationship is very important. When using Engle and Granger methodology we are interested in estimates of the regression coefficients β 1 , B 2 , ..., β k . The output of Johansen's cointegration method is cointegrating vector (1, -a) , where the vector a is a variant of the vector β (vector of the regression coefficients).
Estimating the cointegrating vector is followed by determining the weights of the stocks in constructed portfolio. Alexander, Dimitriu (2002) calculate the weight of individual stock as a ratio of the estimated regression coefficients to the sum of all regression coefficients:
The number of selected stocks Index tracking usually aims to replicate the benchmark with lower number of stocks. However, low number of stocks are sometimes not able to ensure cointegration. According to Alexander, Dimitriu (2002) 20 stocks are required in a case of DJIA. Therefore, our portfolios were composed of 20, 30, and 40 stocks.
Interval of reselection
Interval of reselection is the time period after which the portfolio is adjusted. The adjustment of the portfolio includes the stock selection based on above-mentioned method, estimating the cointegrating vector, testing for cointegration, and determining the new weights of the stocks. The length of the interval was 21, 126 or 252 trading days.
Calibration period
For estimating the long-run equilibrium relationship we used the data over the period of t years before the date of reselection. This period is called "calibration period". In this paper we used the calibration periods of 5 years.
Method of estimating the long-run equilibrium relationship
Long-run equilibrium relationship was estimated by: Engle-Granger methodology, Engle-Granger methodology without intercept in the regression equation, Engle-Granger methodology with Minkowski metric (with parameters k = 1, 5), and Johansen's cointegration method.
45 combinations of these factors were created in total.
Creation of similar stock indices
We made a tracking portfolio for each of 45 combinations and we got some suprising results (see Table 1 in Appendix). For example, the final values of some portfolios based on Johansen's cointegration method were very high while some others had final values lower than zero. We wanted to know if these results are just the mistakes or they are repeatable in the future or for other indeces. As it is necessary to use a long period for cointegration, we did not consider cutting the specified period into shorter samples as a good solution. Therefore we decided to create similar stock indices as DJA from stocks of S&P 500. From components of S&P 500 we dropped the companies with history of stock prices shorter than specified period and the share classes other than "A". It yields 421 stocks. We ommited also shares of AIG, because they were the most expensive at the beginning of the year 2001. 420 stocks were then devided to 7 groups alphabetically according to ticker. Price-weighted index was calculated for each group of 60 stocks, so we created 7 indices similar to DJA. We made again 45 tracking portfolios for each index and we compared their performance with performance of portfolios aimed to track original DJA.
Such a portfolio should have the above-mentioned characteristics. Cointegration between the index prices and the stock prices should ensure that the tracking portfolio and tracked index have never drift too far apart and after the deviation from the long-run equilibrium appears, the system tends to come back to the equilibrium.
Portfolio construction
In this article we analyze how the quality of index tracking is affected by estimating the long-run equilibrium relationship. At first we used the daily close prices of the stock index Dow Jones Composite Average (DJA) and the daily close prices of its components adjusted for splits and dividends over the period 29-Dec-00 to 31-Dec-14. The data were downloaded from http://finance.yahoo.com. We edited the index in accordance with the procedure used by Alexander, Dimitriu (2002) and created "a reconstructed index". From the components of the DJA on 1-Jan-15 we omitted the shares whose price history was shorter than the specified period. So, we omitted the stocks of Ameri- Based on the paper by Alexander and Dimitriu (2002) we identified four key factors that influence the characteristics of tracking portfolios: method of stock selection, the number of selected stocks, interval of reselection, and calibration period. In this work, we add the method of estimating the long-run equilibrium relationship and we consider the following options of these factors.
Method of stock selection
We applied only basic strategy of stock selection that was used by Alexander, Dimitriu (2002) and consist of the choice of x shares with the highest prices at a given time and thus with the highest weights in the index.
(9) ,
Transaction costs
In accordance with Alexander and Dimitriu (2002) , we considered the transaction costs of 0.2% of the trade value (value of purchased and sold shares), and also the zero transaction costs.
Followed portfolio characteristics
We have focused on following characteristics of the tracking portfolios that are important in terms of the index tracking: profitability and volatility of the portfolio, value of Information Ratio, correlation between the returns of the tracking portfolio and the returns of the tracked index, correlation between the returns of the tracked index and the tracking error, and tracking error volatility. Profitability was measured by the final value of the portfolio (value on 31-Dec-14). The starting value (value on 1-Jan-06) was equal to 1. The volatility of the portfolio was determined as the annualized standard deviation of logarithms of daily returns assuming 252 trading days per year. Volatility of the tracking error was determined similarly. Information Ratio is the ratio of the excess return to tracking error volatility. To measure the correlation we used the Pearson's correlation coefficient.
For a successful index tracking is desired to have: similar profitability and volatility of constructed portfolio and tracked index, minimal volatility of tracking error, highly positively correlated returns of the tracking portfolio and the returns of the tracked index, and correlation between the returns of the tracked index and the tracking error close to 0.
Results
This paper is focused on comparison of portfolios created with an intention of index tracking based on cointegration and with a long-run equilibrium relationship (cointegrating vector) estimated by five different ways. Four of them are based on Engle-Granger methodology. In addition to frequently used estimate of cointegrating vector by OLS, we have considered omitting an intercept in the regression model and estimating based on two different parameters of Minkowski metric (k = 1, 5). When estimating the regression coefficients by using Minkowski metric, we tried to minimize a sum of absolute values of the residuals raised to the power of k. The last method used was Johansen's cointegration method.
When using Johansen's method we applied the procedure described in the second chapter. Lag length for VAR model was chosen based on AIC criterion. Problems appeared after the first VAR model was estimated. Assumptions of no autocorrelation, no ARCH effect, and normality were violated. These assumptions were not fulfilled even with other lag lengths. We have decided to estimate the cointegrating vector anyway. As a final vector from which the weights of stocks were calculated, we selected the vector normalized with respect to the variable DJIA. This variable represents close prices of the tracked index.
Basis of cointegration approach to index tracking is cointegrating relationship between stocks in tracking portfolio and tracked index. Existence of this relationship depends on the estimate of the long-run equilibrium relationship. We tested for cointegration at each portfolio reselection. Hypothesis of cointegration was not rejected when using any of the methods. All methods are able to find a cointegrating relationship between the tracked index and the stocks in constructed portfolio.
Followed portfolio characteristics (they are included in Tables 1 and 2 of Appendix) are very similar in portfolios constructed with OLS and with other parameters of Minkowski metric. We used Wilcoxon signed-rank test and we found out that there are two statistically significant differences between OLS and Minkowski metric with parameter k = 5. Portfolios based on Minkowski metric (k = 5) have the correlation between tracking error and returns of the tracked index closer to zero and lower standard deviation of returns. This fact slightly favors Minkowski metric with k = 5. Portfolios constructed by this method with 40 stocks and annual reselection tracked the benchmark properly. Portfolios composed of 30 and 20 stocks significantly fall behind in their profitability.
Portfolios created with OLS without intercept have some interesting features. These portfolios have Information ratio values significantly lower compared to portfolios constructed with OLS with intercept, mainly due to the high volatility of the tracking error. Omitting intercept is also reflected in lower correlation between the returns of the tracking portfolio and the returns of the tracked index, and higher transaction costs. On the other hand, lower volatility of daily returns is positive feature. The big difference between these two methods is in correlation between the tracking error and the returns of the tracked index. With intercept the Pearson's correlation coefficient is 0.14 on average, without intercept it is -0.54 on average.
Portfolios constructed based on Johansen's cointegration method do not copy the tracked index in terms of profitability and volatility. We consider uncommon high final values of these portfolios fortunate coincidence and not easily repeatable in te future. Johansen's method is the worst also when looking in correlation between the returns of the tracked portfolio and the returns of the tracked index, or in transaction costs.
Conclusions
The aim of this paper is to improve cointegration-based index tracking. We focused on the way how to estimate the long-run equilibrium relationship (cointegrating vector), which is connected with determining the weights of stocks in the portfolio. Long-run equilibrium relationship was estimated by Johansen's cointegration method, Engle-Granger methodology based on OLS with intercept and without intercept, and Engle-Granger methodology based on Minkowski metric with parameters k = 1, 5. Theoretical assumption that Engle-Granger methodology is better for index tracking than Johansen's method was proved by our results. Portfolios created by Johansen's cointegration methods failed to replicate DJIA in terms of profitability and risk. Significantly better results were achieved by Engle-Granger methodology. Differences between values of regression coefficients estimated by various parameters of Minkowski metric (including k = 2, that is OLS) were small, just as differences in followed portfolio characteristics. In terms of risk and minimum correlation between the tracking error and the returns of the tracked index, the best performing portfolios were constructed by use of Minkowski metric with parameter k = 5 with 40 stocks and annual reselection. The relevance of the use of Minkowski metric with parameter k = 5 and its advantages over OLS should be confirmed in future research.
We have identified significant differences in the characteristics of the portfolios between the portfolios constructed using OLS with intercept in the long-run equilibrium equation and without intercept. Portfolios without intercept have lower profitability, higher volatility of tracking error, lower correlation of returns with returns of the tracked index, and higher transaction costs. Thus intercept positively affects the quality of index tracking. On the other hand, estimation of long-run equilibrium equation without intercept would be suitable when decline in the stock market is expected. If stock markets decline, then the negative correlation between the tracking error and the returns of the tracked portfolio lead to higher profitability of portfolio than profitability of tracked index. Note: Table shows the average values and standard deviations of followed characteristics of portfolios created with the intention of index tracking based on cointegration. Their long-run equilibrium relationship was estimated by five different methods: Engle-Granger methodology based on OLS with intercept (OLS) and without intercept (OLS without β 0 ), Engle-Granger methodology based on Minkowski metric with parameters k = 1 (Minkowski k = 1) and k = 5 (Minkowski k = 5), and Johansen's cointegration method (Johansen). Portfolios were constructed with 20, 30 or 40 stocks, and interval of reselection of 21, 126 or 252 days. Values of Information ratio for portfolios based on Johansen's cointegration method are missing, because it is not possible to calculate logarithmic return for portfolios with final value equal to 0.
